We present perturbation theory results for the Coulomb interactions between electrons, and between electrons and holes, in small quantum dots. The results are used to model both capacitance and interband spectroscopy on charge-tunable, self-assembled dots. At the level of the experimental resolution, currently limited by the inhomogeneous broadening in the dot ensemble, the model calculations reproduce the experimental results extremely well. ͓S0163-1829͑98͒05747-6͔
I. INTRODUCTION
The study of semiconductor quantum dots is motivated in part by interest in the Coulomb interactions between carriers confined on very small length scales. For quantum dots defined by lithographic techniques, for instance post-growth processing of a two-dimensional electron gas in GaAs, it is possible to design highly tunable systems.
1,2 Coulomb blockade can be observed in the tunneling spectrum of such a quantum dot as the potential of the dot is changed with respect to the contact region. However, such dots are typically hundreds of nm in size so that the contribution of the quantization energy to the addition energies is very small. Although quantum mechanical effects are visible, much of the physics can be described by a classical model of the electrostatics.
1,2 A recent approach has been to contact small mesas in vertical tunneling structures. 3, 4 In this case, the quantization energy and the Coulomb interaction energy are comparable and the tunneling spectrum exhibits strong quantum effects, notably highly nonequidistant charging peaks. This phenomenon can be explained by the level structure of the dot and the effects of the direct and exchange interactions. 5 It is of considerable interest to see how the optical response, both for interband and intraband excitations, changes with the electron occupancy. It is difficult to measure the optical response of a single dot and an ensemble of dots is generally required. The challenge here is to make the dots homogeneous enough so that the dots all have the same electron occupation. With a lithographically defined system, this has only been achieved for dots a few 100 nm in size and for electron occupancies up to three per dot. 6 Self-assembled quantum dots have much to offer this field. First, they are small with a lateral extent of ϳ20 nm ͑Ref. 7͒, which cannot be realized lithographically. This small lateral size leads to large quantization energies, typically tens of meV. The Coulomb interaction energy between two electrons confined in such a dot can be smaller than the quantization energy which means that a quantum mechanical description of the Coulomb effects is important. Second, the dots are highly homogeneous 7 so that simultaneous charging of many 10 6 dots can be achieved. 8, 9 This is ideal for optical experiments.
We have incorporated InAs self-assembled quantum dots in a field-effect structure. 8 We have already reported the results of capacitance 10 and interband transmission experiments. 11 The capacitance spectrum shows single electron charging peaks for the first eight electrons. However, although the effects of exchange and changes in the single particle configuration in a magnetic field could be inferred from the data, 10 no detailed comparison with a model calculation was presented. In interband spectroscopy, shifts of higher transitions were observed on occupation of the first electron state. This is also a consequence of the Coulomb interaction, in this case an interaction between the electrostatically stored charge and the optically excited electronhole pair. Some numerical results were presented in Ref. 11 but without derivation. We present here also results of photoluminescence experiments that show very clearly the effects of the Coulomb interaction.
The purpose of the present paper is to describe calculations of the Coulomb interactions in self-assembled quantum dots with simple perturbation theory. The calculations give a convincing description of our experiments. The results are listed in a series of tables so that they can be applied to other dot systems.
It should be appreciated that the major limitation is the inhomogenous broadening in the experimental spectra due to dot to dot fluctuations. This limits the resolution of our experiments, and obscures any fine structure on the meV scale. It also limits the accuracy with which we can determine the dots' parameters. The calculations do not take into account mixing of single particle configurations through the Coulomb interaction, and therefore, also ignore any structure on the meV scale. However, since our approach verifies that Cou-lomb interactions are important one can expect a rich structure at the meV scale in the interband optics. Calculations of photoluminescence from InAs dots as a function of electron occupation show a variety of polarization-dependent splittings, 12 but this fine structure has not yet been observed. Our results seem to describe the ensemble properties, but they should be taken as a rough guide for spectroscopy on single dots.
II. EXPERIMENTAL DETAILS
The samples, InAs dots on GaAs, were grown in the Stranski-Krastanov mode, with dot densities in the range 10 9 Ϫ10 10 cm Ϫ2 . 7 The dots are separated by a tunnel barrier of undoped GaAs from an n ϩ -type layer that serves as a back contact. A GaAs/AlAs superlattice acts as a barrier to prevent electron tunneling to the surface. The coupling between the dots and a metal electrode on the sample surface is then purely capacitive.
We present results from three experiments. First, we have measured the capacitance between back contact and gate in a magnetic field applied along the growth direction. With gate areas of a few mm 2 we can resolve the single electron charging of the first electron state ͑the s state͒. 13 However, the inhomogeneous broadening is too large for us to resolve the single electron charging of the second state ͑the p state͒. We have, therefore, developed an on-chip capacitance bridge 14 so that the capacitance from smaller dot arrays can be detected. With this method, the Coulomb blockade of the s, p, and d states can be resolved. A trace taken at 23 T for a sample with 89 m 2 gate area ͑about 3500 dots͒ is shown in Fig. 1 . The maxima occur at gate voltages where electron tunneling takes place. We can convert the gate voltage into an energy by assuming that the energetic position of the dots changes linearly with respect to the Fermi energy, which is pinned by the high doping level in the back contact. In other words, a change in gate voltage ⌬V g implies a change in energy ⌬Eϭ Ϫ1 e⌬V g where , the lever arm, is 7 for the present devices. In this way we can generate the fan diagram shown in Fig. 2 , a plot of the energies at which tunneling occurs ͑after subtracting a constant offset͒. The interest here is that the addition energies are not constant, or more precisely, do not vary monotonically as they would in a purely classical picture of the charging. Instead, they depend significantly on the electron occupation.
Second, we have measured the transmission of the devices in the near infrared in order to detect excitonic transitions. Although the changes in transmission from the excitonic absorptions are very small, ϳ0.01%, we have managed to detect them by using a system with a very high dynamic range and by removing the spectral response of the system with a reference spectrum taken at a large and positive gate voltage. At a large V g we can infer from the capacitance that the dots are completely occupied with electrons and, therefore, that the interband transitions are blocked. The capacitance of the large area sample used for the optical measurements is shown in Fig. 3 . Figure 4 shows a set of transmission spectra taken at various voltages. It can be seen that the transitions disappear according to occupation simply from the Pauli exclusion principle. Furthermore, however, it can be seen that the peaks move in energy with electron occupation, as plotted in Fig. 5 . This is a consequence of an interaction between the exciton and the electrons and is the focus of the present work.
Finally, we present in Fig. 6 photoluminescence ͑PL͒ as a function of gate voltage excited with 7.2 W cm Ϫ2 of 633 nm light. At large negative V g the PL is suppressed because the excitons are ionized by the electric field. 15 At higher V g , the in-built field is screened out so that the dots fill with electrons from the back contact. We can deduce this by simultaneously measuring the transmission: we measured a sample spectrum without laser light, and a reference spectrum at the same V g with laser light. The resulting transmission spectrum is almost identical to the spectrum obtained with a reference spectrum taken without laser light at V g ϭ0.5 V. Un- der these conditions, the PL is strong, but redshifted. At higher V g still, the first excited transition is also observed, implying that the first excited-hole state is populated. This occurs presumably because the hole capture probability has increased. The fundamental PL first blueshifts and then redshifts as more holes are added. The excited peak is redshifted with respect to the corresponding feature in transmission but then shifts slightly to the blue as additional holes are added. All these shifts are consequences of the Coulomb interaction.
III. CALCULATIONS
There are four major premises to the calculations we present. First, the quantization energies of both electrons (ប) and holes (ប h ) are larger than the Coulomb energies. By Coulomb energies we mean the interaction energy between either two electrons, or between an electron and a hole, in a single dot. The electron quantization energy has been measured to be 49 meV for the electrons by intraband spectroscopy, 13 and the Coulomb interaction between two s electrons has been estimated as 20 meV from capacitance measurements. 10 This implies that the Coulomb effects can be treated as perturbations to the single particle structure. In fact, detailed calculations of charging of InAs dots show that the configuration mixing through the Coulomb interaction is weak. 16 Second, the lateral quantization energy is much smaller than the vertical quantization energy. The dots are about 6 nm thick yet some 20 nm in diameter, which results in vertical confinement energies almost an order of magnitude larger than the lateral confinement energies. We therefore assume that the dots are two dimensional. Third, the confining potentials are parabolic. This can be justified from the energies of far infrared absorption on these dots that show only a weak dependence on electron occupation. 13 ͑For a purely parabolic potential there is no dependence of the resonance energy on electron occupation. 17 ͒ Also, calculations predict close to parabolic potentials, 18 although these should be taken with some caution in the absence of detailed information on the exact makeup of the dots. Finally, we neglect any dot-dot interactions. This is likely to be a very good approximation for modeling the interband properties, as in this case the light excites neutral electron-hole pairs that interact weakly when confined in different dots. Dot-dot interactions have a modest effect on the Coulomb blockade, 9, 19 broadening the peaks slightly, and also increasing the separation of the peaks slightly. However, for the separation between back contact and dots used here, the effects are very small. The average dot-dot separation is larger than the distance from each dot to the back contact so that the highly conductive back contact tends to screen the dot-dot interaction.
A typical state involves N electrons in a dot. Our approach is to construct an antisymmetric wave function for the electrons for a particular configuration from the single particle states and then to include the Coulomb interactions with first-order perturbation theory. When exciting an electronhole pair in a dot occupied by N electrons, we construct an antisymmetrized wave function ⌿ e for the Nϩ1 electrons, and a total wave function by
where h (r h ) is the single-particle wave function for the hole. This means essentially that any exchange interaction between the electrons and the hole has been omitted. With the assumption of two-dimensional harmonic oscillator wave functions, we can calculate the perturbation theory integrals analytically. We consider here the first three harmonic oscillator states, which we label as s, p, and d. 
with c ϭeB/m*, the cyclotron frequency. In magnetic field, the single particle states have the following energies:
i.e., the magnetic field lifts the degeneracies with respect to m at Bϭ0. 20 We note at this point that, even at 20 T, the cyclotron resonance frequency is still considerably less than the single-particle energy. The consequence is that the magnetic field is a modest perturbation on the dots' structure.
The 
The lateral potentials of the dots are, therefore, specified by four parameters, e.g., , h , m*, and m h * .
The matrix element of the Coulomb interaction for a particular state ⌿ reduces to a sum of integrals involving the basis states. For the interaction between two electrons in basis states i e (r) and j e (r), the integrals are of the form in an identical but well separated dot, the total energy is reduced by E i j eh on confining the two carriers in the same dot. Results for the direct electron-hole interactions are given in Table III . It is particularly straightforward to incorporate the magnetic field: one must simply include the B dependence of l e and l h by replacing and h with Ј and h Ј in the expressions for l e and l h , respectively. 22 The advantage of the present approach is simplicity. We can compare experimental results with analytic expressions for the Coulomb terms. The results are listed in Tables I-III largely because they will also be useful for other semiconductor quantum-dot systems where the dot parameters will change but the basic form of the confining potential will stay the same. Furthermore, it is very hard at present to construct more accurate single particle states as the composition and strain distributions in the dots are not known with any precision. Detailed calculations of the strain depend inevitably on assumptions on the shape and composition of the dots, which are hard to justify. Calculations of the addition energies 5 and exciton binding energies 24, 25 exist in which a summation is performed over many states of a parabolic potential. The use of just the first few states of a parabolic potential, as used here, may well be just as good for our dots because the higher order states do not exist. The dots studied here have three to four bound electron states, and this is representative: dots in other self-assembled systems may have only a single bound electron state, 26 or a maximum of five, 27 depending on the system. The disadvantage of the present approach is that we have not found the true eigenstates of the system. In Coulomb blockade, which measures differences in ground-state energies, subtle shifts have, therefore, been neglected. In interband spectroscopy, several transitions are expected for each transition considered here, split by ϳ meV. These effects are obscured in the experiment by the inhomogeneous broadening. Both the experiments and the theory should be understood as providing information on the Coulomb interactions with limited resolution.
IV. MODELING OF THE COULOMB BLOCKADE
The ground-state energy for the N electron state is
where E sp (N) is the sum of the single-particle energies, E C (N) the matrix element of the Coulomb interaction, and Ϫ Ϫ1 NeV g expresses the electrostatic energy due to the electric field between gate and back contact. The energy is measured from the Fermi energy pinned by the back contact ͑neglecting a constant confinement energy͒. We have neglected here the interaction between the electron in the dot and its images in the back contact and in the gate, and also any dot-dot interactions. For the one-electron state, We have determined which configurations of single particle states form the N electron ground states as a function of magnetic field. There are abrupt changes in the configurations at critical magnetic fields, as listed in Table IV . The resulting ground-state energies are plotted as straight lines in Fig. 2 and can be seen to reproduce the experimental data extremely well. We make the following comments.
We have adjusted all three parameters l e , ប, and m* to fit the data. The addition energy Ϫ1 e(V g 2 ϪV g 1 ) determines the Coulomb energy E ss c , and hence with Eq. ͑4͒ the effective length l e . We find E ss c ϭ18.9 meV, and hence l e ϭ76 Å.
ប can then be determined from the addition energy Ϫ1 e(V g 3 ϪV g 2 ) by subtracting 1 4 E ss c ; we find បϭ49.7 meV, which is in excellent agreement with the value obtained from far-infrared spectroscopy on the same samples. The magnetic-field dispersions of V g 4 and V g 5 give a value of the effective mass m*ϭ0.057m 0 . This is somewhat problematic as it is smaller than the value obtained from the magnetic field dispersion of the far-infrared absorption 0.08m 0 and it leads to a conflict with Eq. ͑2͒. With m* ϭ0.057m 0 and បϭ49.7 meV one would expect l e ϭ52 Å which is smaller than the value deduced above from the Coulomb blockade. However, these comments notwithstanding, we do not believe that this represents a serious discrepancy of our model. The electrostatics of our device are complex, and we have taken here a simplified view. We have tried including the interaction with the image charges, but this makes no significant difference to the overall agreement with the experiment. It could be the case that the conversion of the gate voltage into an energy simply with a lever arm is too simplistic. A further possibility is that the confinement potential is not exactly parabolic, in which case Eq. ͑2͒ will not hold exactly. The spirit of our calculation is to get agreement at the 10% level, and in this sense Fig. 2 represents a success.
At Bϭ0 the four peaks representing Coulomb blockade in the p level are not equally spaced. In the modeling we find There exists a critical magnetic field (B c 2 ) at which the Nϭ4 ground state changes composition, from ssp Ϫ p ϩ to ssp Ϫ p Ϫ . This is because the p Ϫ state decreases in energy with increasing B. At a particular magnetic field, it becomes energetically advantageous for the two p electrons to occupy the p Ϫ state. The loss of the exchange energy is compensated by a reduction in the single-particle contribution. We calculate that the critical magnetic field is given by
which we solve to give B c 2 ϭ1.7 T using the parameters described above. This change in the single-particle configuration gives a kink in the dispersion of both the V g 4 and V g 5 peaks. Although this is not unambiguously observed in the experiments it can be seen in Fig. 2 that the third and fourth peaks in the capacitance do have a change of gradient with B around 1 T. A similar effect occurs also in the Nϭ8 ground state: the configuration changes from
.5 T͒. At higher field, further changes in the configurations occur as shown in Fig. 2 . The behavior around 14 T is at first sight rather complicated; however, it can be understood by the critical fields in Table IV 
These effects cause the prominent anticrossings in the data. It should be noted that the crossing points are quite strongly influenced by the Coulomb effects and are not given simply by the single particle terms. Neglecting the Coulomb terms would shift the prominent p-d-like crossings to ϳ17 T in the calculations, which would be inconsistent with the experimental results. The calculations underestimate the energies of Ϫ1 eV g 7 and Ϫ1 eV g 8 by ϳ5 meV. This might indicate a worsening of the model's applicability for highly charged states. However, another explanation can be put forward. A particular feature of the capacitance traces on small area samples is the appearance of replica of the main tunneling peaks, separated by ϳ5 meV from the main peaks. 10 This implies a bunching in the density of states, arising possibly from monolayer fluctuations in the wetting layer. Plotted in Fig. 2 are the main peaks. If the amplitudes of the subsidiary peaks change slightly with gate voltage then it would be easy to pick out tunneling peaks in the spectra that do not correspond to the same group of dots. This would resolve the discrepancy in Fig. 2 .
We do not see abrupt changes in gradient at the critical magnetic fields as there is an averaging over the dot ensemble ͑symbols in Fig. 2͒ . However, Tarucha et al. 4 have measured a single dot and they have been able to observe kinks in the energy spectrum, exactly as calculated ͑solid lines in Fig. 2͒ . For their sample, បӍE ss c . Our theory, although barely applicable in this case, predicts remarkably accurate critical magnetic fields, differing by only ϳ20% from the measurements. This would seem to confirm the conclusion that our approach is a reasonable one in the limit of large confinement.
V. MODELING OF THE SHIFTS IN THE INTERBAND SPECTRUM
The selection rule for the interband transitions is ⌬m ϭeven from the parity of the electron and hole wave functions. The transitions with ⌬mϭ0, which we denote as s-s, p-p and d-d, are dominant. We estimate that the ⌬mϭ2 transitions, for instance s-d, carry at most 5% of the intensity of the ⌬mϭ0 transitions, and are therefore neglected. For neutral dots, the exciton energies are
where E g is the sum of the dot material band gap and z-confinement energies. These equations, with the electronhole Coulomb energies given in Table III , are used to determine E g , ប h , and l h from the measured s-s, p-p, and d-d energies for neutral dots. We take បϭ49 meV, as measured with far-infrared spectroscopy, and m*ϭ0.07m 0 . The mass is the GaAs mass, and represents an average of the mass deduced from capacitance and far-infrared spectroscopies. The aim of the calculations is to model the shifts of the transitions on occupation of the dots with electrons. These can only be determined with limited accuracy because of the inhomogeneous broadening; at this level a change in the mass of ϳ15% is immaterial. We therefore take also l e as given by Eq. ͑2͒ (l e ϭ47 Å͒, neglecting any anharmonicity in the confining potential that one might be able to deduce from the capacitance and intraband spectroscopy. The energy differences between the s-s, p-p, and d-d transitions E pp ex ϪE ss ex and E dd ex ϪE pp ex and Eq. ͑3͒ give three equations for the parameters ប h , l h , and m h * . The parameters are rather sensitive to the two-energy differences, which can only be deduced to Ϯ5 meV because of the inhomogeneous broadening. However, one can expect that m h * is close to the heavy-hole mass of GaAs, which gives us confidence in the parameters we get from numerically solving the simultaneous equations: ប h ϭ25 meV, l h ϭ35 Å, and m h * ϭ0.25m 0 . This means that the hole quantization energy is smaller than that of the electrons, and also that the holes have a smaller effective length.
On exciting an electron-hole pair in a charged dot, additional terms must be included to describe the exciton energies. The electron in the electron-hole pair is clearly repelled from the negatively charged dot and this is represented by a term increasing the exciton energy. On the other hand, the hole is attracted by the negatively charged dot, decreasing the exciton energy. Generally speaking, the attraction of the hole dominates over the repulsion of the electron, causing redshifts. The fundamental reason is that l h Ͻl e . 28 PRB 58 Figure 5 is a plot of the exciton energies as a function of electron occupation. The sample used for these measurements has a larger gate area than the sample used for the capacitance measurements shown in Fig. 1 . The Coulomb blockade of the s level is well resolved for the larger area sample, but the Coulomb blockade of the p level is not ͑see Fig. 3͒ . This means that we can choose V g such that the vast majority of dots have Nϭ0, Nϭ1, or Nϭ2, and also N ϭ6, but for N between 3 and 5 there is inevitably a distribution in the electron occupancy.
The p-p transition exhibits the largest shifts. For Nϭ1, the p electron excited by the photon and the s electron can either have parallel or antiparallel spins. This leads to two possible energy shifts, E sp c ϪE sp eh and E sp c ϪE sp x ϪE sp eh , which are not resolved in the experiment. For Nϭ2, the shift is 2E sp c ϪE sp x Ϫ2E sp eh , which is in excellent agreement with the experimental result.
Interestingly, on further increase of N, the p-p exciton energy doesn't change in the experiment, to within 10 meV. As explained above, we inevitably average over a distribution of N for each V g in this regime. Nevertheless, large shifts in energy with increasing N can be ruled out. The calculations reproduce this behavior approximately, if one averages over the various possible transitions shown in Fig.  5 .
The s-s transition disappears at Nϭ2 through Pauli blocking; at Nϭ1 the shift is E ss c ϪE ss eh which, at 4 meV, is just resolvable in the experiment. It is possible to follow the s-s transition at higher N by PL experiments that have been reported by Schmidt et al. 15, 29 on similar samples. A redshift was observed on occupation and the results are in broad agreement with our perturbation theory estimates. We have excited the PL with visible laser light, as shown in Fig. 6 . For V g around Ϫ0.8 V for this excitation density we fill the dots with electrons and we find a 20 meV redshift of the PL with respect to the s-s energy in transmission. This point is plotted in Fig. 5 . At higher V g the dots progressively fill with holes. Figure 7 shows a calculation of the s-s and p-p PL energies, assuming that the dots contain 5 electrons and one electron-hole pair plus a variable number of additional holes. When we have more than one hole, Eq. ͑1͒ is extended so that the hole wave function is also antisymmetric. This is carried out exactly as for the electrons. Figure 7 reproduces the experimental data remarkably well if we assume that we measure an average of the allowed transitions: the s-s PL is shifted by ϳϪ20 meV by the stored negative charge; adding holes induces initially an upward shift of ϳ5 meV but then a downward shift of ϳ5 meV. The p-p PL is visible as soon as the hole p state is occupied and exhibits a shift of ϳϪ25 meV with respect to the p-p absorption for neutral dots. Further holes cause an upward shift in the p-p PL energy, as in the experimental spectra of Fig. 6 .
VI. SIMULATION OF THE TRANSMISSION SPECTRA
The linewidths of the interband spectra are determined by the distribution in the size of the quantum dots. For neutral dots, the linewidth of the s-s transition is 30 meV, significantly higher than the linewidth of the charging peaks in the capacitance spectra, 18 meV. The explanation is that the capacitance is broadened only by the distribution in the dots' ground-state energy with respect to the Fermi energy, yet the interband spectrum has also a contribution from the holes.
In order to make this argument quantitative, we assume that the dominant broadening comes from fluctuations in the dots' thickness, giving a Gaussian distribution of full width at half maximum ͑FWHM͒ ⌫ 0 in the electron s-state energy with respect to the Fermi energy. These vertical fluctuations give a contribution of ⌫ 0 to the broadening of the Coulomb blockade peaks in the capacitance, but contribute (1ϩ␣)⌫ 0 to the interband spectra, the term ␣⌫ 0 arising from the holes. There are also fluctuations in the lateral size of the dots that contribute to the measured linewidths. This implies that there is a Gaussian distribution in បϩប h whose FWHM, ⌫ 1 , can be estimated from model calculations of the dots' confining potential. 18 A FWHM in the lateral size distribution of 10% of the average size implies approximately a FWHM of 10 meV in បϩប h . It might be thought that far-infrared spectroscopy measures this broadening directly as this technique is insensitive to fluctuations in the vertical confinement of the dots. It is striking that the measured widths of the intraband absorptions are very small, only 3 meV. However, this linewidth may be reduced from the spread in the singleparticle energy by interdot couplings. 30 An equivalent effect has been identified in the cyclotron resonance of highly localized electrons in the quantum limit. 31, 32 We therefore fit ⌫ 1 to the interband data. It is not a priori clear if there is any correlation between the fluctuations in vertical and lateral size. We assume that there is none, i.e., that for each vertical thickness there is the same Gaussian distribution in the lateral thickness.
To simulate the transmission spectra of the dot ensemble, we classify the dots with the s-state energy E 0 . The Gaussian distribution of E 0 , N(E 0 ), acts then as a density-ofstates function. We assume initially that V g is large and negative such that all the dots are neutral. For the s-s interband transition, the interband transition energy E ss ex is a function of E 0 : Table V .
The proportionality constant A 0 can be related to the measured absorption by using the standard formula for the transmission of light through a conducting sheet on the surface of a dielectric. 33 In turn, the conductivity can be described in a semiclassical approximation, 34 and the momentum matrix element evaluated by making the standard separation of the entire wave function as a product of a Bloch function and envelope function ͓the envelope functions being the i (r) described above͔. The result is
where E p is the Kane matrix element and N dot is the dot density.
For larger V g the dots become charged and this effects the absorption through both Pauli blocking and the occupation dependent shifts. The point is that the dots with a small ground-state energy are occupied first and these dots tend to have a small interband energy. We consider occupations up to two electrons per dot. For each V g we divide the dots into three groups, those with Nϭ0, those with Nϭ1, and those with Nϭ2, according to their s-state energy E 0 :
To all intents and purposes the dots are homogeneous enough that there are only ever two groups, Nϭ0 and N ϭ1, or Nϭ1 and Nϭ2, which contribute significantly to the absorption. For each group, we integrate over E 0 and sum the absorption for the s-s, p-p, and d-d transitions,
͑5͒
E mm ex (E 0 ;N) refers to the s-s, p-p, and d-d, exciton energies (mϭs,p,d) as a function of E 0 and electron occupation N. The average energies are all taken from the perturbation theory described in the previous section. Each integral in Eq. ͑5͒ reduces to an error function.
The parameters needed to generate simulated transmission spectra are determined as follows. We determine N dot by integrating the capacitance trace over the first two Coulomb blockade peaks; for the sample studied here we have N dot ϭ5ϫ10 9 cm Ϫ2 , and we take E p ϭ25.7 eV, the GaAs value, which is consistent with the use of the GaAs effective mass, not the InAs effective mass, for the analysis of the energy shifts. l e and l h are exactly as before, giving, for example, ͦ͗ s e ͉ s h ͦ͘ 2 ϭ0.91 and ͦ͗ p e ͉ p h ͦ͘ 2 ϭ0.83. We determine ⌫ 0 from the broadening in the capacitance, i.e., ⌫ 0 ϭ18.0 meV. A rough fit to the data then gives ⌫ 1 ϭ13.3 meV and ␣ ϭ0.6. As expected, ⌫ 1 Ͻ⌫ 0 and ␣Ͻ1. The simulated transmission curves for several V g are shown in Fig. 8 and can be seen to reproduce the intensities and forms of the resonances rather well.
The s-s transition disappears on increasing V g as the s level fills, but not without changes in the lineshape. These come about from the fact that the dots with Nϭ1 absorb more weakly and also on average at a lower energy than the dots with Nϭ0. At a V g just before the s-s transition disap-pears completely, only a small subset of the dots can absorb ͑those with particularly high E 0 ) and this causes a narrowing of the line. This can be just made out in the experimental results. Changes in the lineshape occur also for the p-p transition. The p-p transition moves to lower energy in two steps as the dots fill initially with one electron and then with two. The d-d transition behaves analogously, except that here the broadening from the lateral fluctuations plays a larger role and so the effects are largely smeared out.
The most obvious discrepancy in Fig. 8 is that the transmission at the p-p and d-d energies is lower in the measurements than in the calculations. It would appear that the dot absorption is superimposed on the low-energy tail of a strong absorption at higher energy. The most likely explanation is that it comes from V g -dependent absorption in the wetting layer. We occupy the wetting layer at the large and positive V g used for the reference spectrum ͑indicated by a rapid rise in the capacitance͒ so it is very likely that the wetting layer appears in our spectra through occupation dependent shifts in the band gap or through blocking of absorption channels involving low-energy, localized states.
VII. CONCLUSIONS
We have modeled a large body of experimental results on charge-tunable InAs self-assembled quantum dots by treating the Coulomb interactions with perturbation theory. The confining potential is taken to be parabolic and two-dimensional. The results are compared with the addition energies deduced from capacitance measurements, and with exciton energies deduced from transmission and photoluminescence spectroscopy. The inhomogeneous broadening in the experimental spectra limits the accuracy of the measurements on the one hand and the accuracy with which the dot parameters can be determined on the other. Within these uncertainties, the calculations agree very well with the experiments. We have also argued that the inhomogeneous broadening obscures an expected fine structure in the energy levels of charged dots that cannot be treated with the present approach. It is hoped that this fine structure can be resolved in the future by performing experiments on single, charge-tunable dots. 
